Abstract. According to a basic theorem of transfinite set theory the set of irrational numbers is uncountable, while the set of rational numbers is countable. This is contradicted by the fact that any pair of irrational numbers is separated by at least one rational number. Hence, in the interval [0,1] there exist more rational numbers than irrational numbers.
Introduction
According to the basic concept of transfinite set theory an infinite set is called countable or denumerable if a one−to−one correspondence or bijection of this set with the set N of natural numbers can be established. The cardinality of any denumerable set is denoted by aleph0. In 1874 Cantor [1] showed that the set A of all algebraic numbers (including the set Q of all rational numbers) is countable while the set R of all real numbers is uncountable. He infered that there are infinitely more real numbers than algebraic numbers, and he took this as a proof of the existence of transcendental numbers which were shortly before discovered by Liouville [2] . While the existence of the latter is undisputed, it is shown here that the number of rationals surpasses the number of transcendentals.
The cardinality of the set X of the irrational numbers and of its subset T of transcendental numbers is denoted by C > aleph0. Translated to non−set−theoretical language this means that there are infinitely more irrational (or transcendental) numbers than rational numbers, or that every rational number belongs to infinitely many irrational (or transcendental) numbers. This is suggested not only by Cantor's proof but also by the fact that, e.g., the product of any transcendental with a finite set of rationals is again a transcendental. But in order to show that comparisons of magnitude, and in particular the concept of countability, are not well defined as soon as infinite sets are involved, we proof that there are less transcendetals than rationals. We infere that countability is not an objective property of an infinite set but depends on the method of investigation.
Theorem and proofs
If there are infinitely more irrationals than rationals, then one should be able to demonstrate at least the existence of one superabundant irrational number. In a linear manyfold this means that there necessarily exist two irrationals without a rational between them. This is contradicted by two proofs which differ only in the used language. The first one uses merely ordinary logics, the second one is formulated in set−theoretical notation. Both are based on the obvious Lemma. Between two irrational numbers there exists always a rational number.
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Lemma. Between two irrational numbers there exists always a rational number.
The real numbers are a linear ordered set. If there are two real numbers, x and y, they cannot be distinguished (and, hence, they are not two numbers but only one) unless they differ by at least one digit. This requirement is not sufficient as is shown by 9 = 9.999... − 0.999... = (10 − 1)*0.999... = 9*0.999... 1 = 0.999... but it is certainly necessary.
If two irrational numbers x < y differ at some finite digit, then deleting all the following digits of y, we obtain a rational number q between them: x < q < y.
Example. Let 3.14... and 3.15... be two irrational numbers. Then there is a rational number q = 3.15 which is different from both.
Theorem 1.
There are more rational numbers than transcendental numbers in the interval [0,1].
Proof 1 (based upon ordinary logic).
If any pair of irrational numbers is separated by at least one rational number, then every second of all real numbers is a rational number. The borders of the closed interval, 0 and 1, are also rational numbers. This implies that more than half of all real numbers of [0,1] are rational numbers. T is a subset of X. Hence, there are more elements in this interval in Q than in T.
Remark. The proof can be extended to the whole set of real numbers. There we have at most one more irrational than rationals. X includes the square roots of 2 and 3 which are not transcendental. T is a subset of X. Consequently, there are more elements in Q than in T.
Proof 2 (based upon set theory).
In the following all sets are restricted to the interval [0,1], although a similar proof can be given for the whole set of real numbers.
1) It is assumed that Card(T) > Card(Q) 2) T contains a countable subset T*.
3) An arbitrary bijection can be defined between the elements of Q and the elements of T*.
Example. Let Q be ordered according to Cantor Also all of these transcendental numbers are within the given interval.
The members of this bijection are not ordered, but they define a subset of R.
4)
As the real numbers R are a linear ordered set, R as well as any subset of R can be ordered. 5) All elements of Q and T* form a subset of R and can be ordered. 6) After ordering them, we obatin an ordered sequence containing only all the elements of Q and T*.
elements of Q and T*. 7) Either (a) this sequence contains two subsequent elements of T* without any element of Q between them, or not (b). 8) If case (a) is realized, we have a contradiction with the lemma. 9) If case (b) is realized, we introduce in the sequence one of the remaining elements of T not contained in T*. 10) Again we have a contradiction with the lemma.
Infinity does not exist
Here we face a paradox, because there seem to be more irrationals than rationals. While Cantor's proof claims this only with respect to the transcendent numbers, we can convince ourselves easily for transcendental as well as for algebraic irrationals. The product of an irrational number with one or finitely many rational numbers is an irrational number. If each element of Q is multiplied by an irrational number, it may be transcendental or not, we obtain a subset of irrational numbers which has as many elements as Q. As any finite root of an irrational number is again an irrational number, this method of generating new irrational numbers can be applied infinitely often. Nevertheless there are not more irrationals than rationals, as was shown above. And this quantification does not rely on any countability considerations but describes a very concrete fact similar to the assertion that there are about as much odd integers as even integers in any (large) interval of natural numbers.
An explanation may be that infinte sets and sequences do not exist. Of course they exist in that it is possible to select any subset of a set or to calculate as many digits as desired of any number. In some simple cases it is even possible to guess the result of an infinte process like the decimal representation of 1/3, the limit of the sequence 1/n, the sum of a geometric series, or df(x)/dx. But the fundamentally sceptical position of Kroncker towards infinite constructs seems justified. The complete writing or only thinking of an infinite set or sequence is impossible in any place−value system, because we would need for that job an infinite amount of time and of energy. The former is not yet and the latter will never be available in our universe. Further, any such complete representation would represent an infinite amount of information, which as negentropy is connected to energy divided by temperature. Of course there are some short−cuts, the sum of a series or a limit of a sequence. But those do in the worst case supply a name only, like square root of two, while in the best case they give the recipe for performing the concrete calculation; they never do supply any digit. This is clear to everybody who is asked to name the 20th digit of e in decimal representation. Perhaps it is due to this nonexistence of infinity that there are not less rational numbers than irrational numbers.
